
Usually most of the properties regarding an

abelian cover are encoded in fustione of the
line bualles La Yee instead of the Dglgeg

For this reason it is usually challenging to

obtain ab covers with pre scribed geam properties
It would be very useful aforula that
permits to write the divisers Dylgeo in

function of the 44 4 6

actually we only have a farmela to determine 44 4
in function of the Dglgeg so we are

looking for the opposite problem
The IF Pignatelli 2023
Let G Xp a p elementary abeliangroupMa

Y E.i 1 E gtx P.tk

ReaWhenp z then Lgs 40,8 so

EgPh Dg and we obtain Dg

is in function of the Lx



The Let us consider a smooth abelian
cover T X P withgroup G Ip

Then It is the canonical map of
the building data of it are are of the

following
pe 42 3,54 RE 41,2 3,43 in particular

IP 1 Dt smooth come of degree FI Di others
pe 2,315

2 12 NE4213,4 Dg smooth are oflag Gpfekerle

Dg
o if genere

3 2 Dre _Dre e Dai re smooth awe ofdeg 2
Dg o otherwise

profWedenate by dg deg Dg la eleghalenP
Notice that la 31 1 as iscenected

Looking at the Lietolke formla
Ho Kx g I JIMMYKytLx
then T P is the tamarital map of
if and only if it there exists only

one G sit HIP Lytkpa 3 and
n 14 La kpa o MEG 4 X



However Ly Kpa la 3 H so 4º Phythpel
2

2 11 21 if lusso
O la 3 0

This forces 1 4 and he 41,2
Actually ly is forced to be 2 V2 1,7

Indeed p 114 1,7 so by Pardini

11 1
inx latsELIII Jolgalx 4A

2

dy lp.my 2

We have proved In 24 1 la 4
Now we use the previous thin to determine
the Dy interns of dy
let gekerla then

PII Ehh Ehi In P Σ
Lekerlg

herethere is to
all the and 1 4
venaing la are
g al to 2

Iker 1911.2 P 11 2 Ikerigil 2 0 4
2 Ker 191 2 kerigil plkorigll zpk zp.pk



dp o thekerlX
Assume now geker X Then

PII Eh Ehrigh P Enerisi

it centinsly 4 itcontains 10 0

all the vendin ones
are 14 2

4 2 Ker911 1 p 1 alterigi 1 0

2 2 Ker 911 ap Ikerigi Ikerigi
2 p 1

2 P

da phfp which is an integer

Ip E 2,1 12,21 42,3 2,4 13,11 13,21
15,1 15,2

Let us consider the cases 4k
In this case generates G E ZIP G cg and
at most

energ
has dug to because is

Smooth land we wouldhave angstalgs ego noting
So dig Eidig FI



Weneed to check Pardini Formula

Plx idig Rdrg I
ex 4 is an integer that it is always

satisfied
Up to apply an automorphism of Hp we can choose

di FI and we would have le 4 la 2 Kts E

se 4 dual element of I

Let us consider the cases LINEE
Then geker XI dg o while

Kg Keith E In dg dg
p

2

Up to apply an automorphism of 2 we

can chaile EI dual element of e so we would
obtain dg O tgekerla and dg 2 Yeker El

Let us discuss the
vending

cases pehs 54 4 2

dg o tgtkerix 44 da È Yakarixi
Then SEEG isdn ftp PIGNKerHIl f È 11 pt

FEI Ka m



Thus gEP idgap.pl gEYdg ftp
1vildjo

se dg vi p 1

Up to an automorphism of Hpl we can these

E This would

inplydgt.CIdg fnandri p t

Thus for p 3 there die dacite drastica 2

dg o otherwise

It is
easy

to verify that such building data
satisfies Pavolini Equations and so define
an abelian

covering
with group 2131

Instead for p 5 we would have

due dhe e due 21 due ser 149 402 1

and they define an abeliani over withgroup
215 However such ab cover has 1815173

5 12s 3due due 4,2 3 5 12s 3

This the cover does not coincide with its
canonical map The lase pin 15,2 must

be discarted Ed



Reward The above theorem has been proved
by Du and Gao in 2014 using anotherstrategy

In F Pignatelli 2023 we generalized this
result and classified all smooth 2,1double
covers A X P with pg 1 1 3 In another
work I classified all smooth 4 Lovers of P'with
Pg X 3

Exercise Let us consider me of the ab
covering

of the previous thin Per Example
G 1211 Ds line kg bere

Mi

We already know that la 4 la 2 has
Thus pgixl holkpaltfig.fi PYRpa Lxl

HIP
III

91 1

KEEM
O always zero a P2



10 1
111212 Eh Lee

1 19 3

4 4 3 2 2 212 3

4 4
428

16 12 4 24

KI 24 3
Eigdy 24 1 16

e 1 1 24 3 2 1 21.8 11 12 lite

24 3 8 f 27 24.2 32

By the previews than then T X P is
the can map of so it has oleg

dg IT 1 161 16
This has been for 35 years the example with the
highest degree of the lanciial map



513 Equations of an Abeliane Cover of IP in

sub spahedprojective

First of all we need some preliminaries on

weighted projective spaces and cyclic quotient

singularities

Def Given a normal variety a cyclin quotient
singularity of type flan an is a point pex
sit there is a local open neigh U of p
for which ME 4h where

acts on as

1
Zy tn ts erFaz ÉTÉ

Example ZIX YZIE 43 has a singularity
at the

origine
ineleed ZCXYZE.CH

A singularity of type 211,11 isalso ialledanade

how it looks a made



Example not always something singular
Consider where T LI F eFy
then E 47 43 which is the

algebra of E 6412 42 so the

origin
is still smooth

We need to take care how Er is siting
on E the kind of aiten depending on

the weights ai an will determine the kind

of singularity lor they maygive a smoothpoint

We are interested to understand if different
weights as an

may give
rise to the same

kind of singularities of EH
Luna Let pex be an isolated quotient

singularity of type la an Then
it is equivalent to a singularity of
type 11 be but with godibs 51 1

2 h

Example f 11,31 is equivalent to f 12.3 3.31 1511,4
412,21 is equivalent to 11 17



There is a natural reason to introduce weighted
projective spaces in AlgebraicGeometry

We want to work with the zero locus of polynomial
in an ambient space that is compact
When the polynomials are homogenous then we see

the Zero locus in the projective space
How can we do with a set of non hangeous

polynomials defined in an affine space

Weighted projective spaces salve this problem
but we need to pay a prize namely to work in
an ambiet space that is compact but singular

Def Let lao ay an be a set of positive integers
We define on the

following natural

equivalence relation
Zo Zu 170 zu E s t

Za Zu 770 727m

Plao ai an is called weighted pros

space with weights lao ay an

Rem Up to exchange the variables we Ian order ao an

do a can



Rey Let us assume d a ar an Then
Plao dal PII
to zu 1 0 170 Zu

is an isomorphism
Furthermore assume alla an and gialla di 1
Then

Plao an Plao
20 241 12 Z zu

is an isomorphism

Recursively ne can prove that Plao and is isomorphic

o Plbo ba wheregcollbo 5g br 1VJ o

hExauplP2 3,6 9 P 2 1,2 3 1711,2 2,31
P 2 2,2 E P 1 1 1 P

P 1,2 2 E P 1 1,11 P2

Plaibl Pla 11 P P
p

Def A w.pro Space Plao ay dal is wellformed
if o h giallao an 1

Rea Any w.pro space is isomorfi to a well forme
Wi pre space



The Two well formed weighted pros spales
Plao du and Plbo but are isomorphic

ao du Ibo but up to exchange the

weights

IP has natural charts to C we are

interested to construct the natural charts

of Plao an well formed

Uzi Z 0 Plao an

We define a e bethefirstas roothofunity

Given a complex number Zyto then we can

write 23 pe and so the a roots of Zs are

e
Est k

p e Gats k q

We consider CH where the action is

1 C
No al 1 n



We define

Lay Ue ÈH
17 izuit ofe.ci ii Zi iasFpFeeij

Pilpend 5 E a ÈIGEthe hein of k

It is well defined because 77 7 zul is sent to

3 p aio

p gia
773 4 p ei asYsoitsas

neotsaryppeifstd.ei
Reg is 1Thus

FII.eu ITrei
The inverse is Là 4Pa V3

Ho 77 Zult 120 1 an

Thus Plao an may
have singular points that

are cyclic quotient singularities



Example 1 Pls 1,2 then locally arend p 0 O

we have 42,2 where the action is

x y to 1 si gity sax 3,4 P is a

cyclin quotient singularity of type 211,1
2 I 1 2,5 p

0 O 1 has a sing of type
15 1 5 2 f 4 3 1 2

Instead p 0 1 o has a
sing of type

2 1 2 5 11 3 1 1

3 P 1,1 2 2 then loially to Co 0 1 o

the action is x y Z six y 527
132 3 Y Z

y o is fixed by the action of 212
P 1 1 2,2 is singular on Z Z 0

Thus an entire line is singular

The Let E P a nu Kell formed
Then p is singular if and only if given
I io ho n Pito then

godlas JEI 1



Cordy PEgii.ie iaiiiiitnz zn o is

smooth more precisely
V P 1 1 di an_ avlitzò zu o p

170 Zy ti _t.tt l 1Zo Zn

is a vestor bualle of rank over PI
with coycles

g È
O

e.fi
zH

In other words it is Opulatto Opular

prof Let p po pa t tr e V

Then at least one pito i o h so

i 1 4 I ps o orts o which forces

gcd weights SEI 1 1

p is a smooth point
Let us consider the

open
sets E Uzi We have

it Uzi Uzi
Zo Zn t 20 zu EF
to t.tn 7 x z k I1Zo an IX 1

and the transition fuctions of V are

Ls Ii Uzinha Uzinha
to Zul 1 4 Xp 1 to zu X État



so is a rank r vector bundle of IP with
Coyle ggi

L IT 31

0 2 1,17
These cycles are exactly those of

Opn a Opulan Di

The Let x ̅ IP 12 an be astaabelian

coveringof IP with Galeis group Gandbuilding data
bdxhxe.gr 4dg gag

Let us define

ly deglly EG and dg dog Dgl JEG on P

Let us write Dg Ifg 0 so fa is a hang
polynomial ofdegreedgdefining the divisor Dg in IP
Then

z Zn 4 XEGHI 9 9 1 4 1,18
1 1
XX'EG

in
PCI 1 EGLI 27 74 0

the action of Gen is

Z Zn Yx XEGIL Ii z Zn Xlglyx XEG 1

while the quotient map is the projection on thefirthti factors T P is 170 Zu Il X EGIII 0170 Z



one It is sufficient to remind the def of a
standard ab cover of IP using

Pardini
Existence thm
we consider VI aah IP and is given

locally given as follows
a luzi hyyyi yixx.I.fi

We observe that by def VII Lx has cogles

93 i papa
so that V1 asta IP 1 1 L 14691 47 zu o

and the thesis fellows directly Te

Example Let us consider the previous 12121 cover

of IP De De e smooth quartic of P

Daiei
Theninthiscasewealreadycemputedthatle.es

lo 0 1 2 0,4

The equations are ye e Ya Ye Iso Yo is redundant

94 faster YE.ie fa
3YE fare ys.is fa P 1,111 1470 2 22 03


